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We give all the integer solutions of the Diophantine equation I;= ,( I,!.Y,) + 
(l/(.v, .‘..Y,))= I (I <I, < ... <.x,) when s=7 (23 solutions in all). We also prove 
that (1) if s>ll, then B(s+l)>Q(s)+8 and if 2/s. s>ll. then Q(s+l)> 
Q(.y)+9;(2)Ifs>12. then Z(.s)>8,andif2I.s,~>12. thenZ(s)>9; (3)If,~>lO, 
then A(s+l)>O(s)+Q(s-1)+16, and if 215, s>12, then A(.F+~)>Q(s)+ 
Q(s- 1) + 18. where Q(s), Z(s), and A(s) are defined in the paper, ’ 19X7 Academ,c 
Press. Inc 
The Diophantine equation 
i ;+A= 1, 1 <.Y, <sz< “. <.Y,, (1) 
/=I / .5 
is related to some problems in number theory. For example, Znam raised 
the following problem in 1972: whether there exists an integer X, for every 
integer s > 1 such that xi is a proper factor of X, . x, 1.~, + , x, + 1 for i 
(i= 1, . . . . s). Sun Qi [ 11 studied the solutions of Eq. (1) and completely 
solved Znim’s problem in 1983. He proved that Z(s) 3 a(s) - sZ(s - 1) > 0 
for s > 5, where a(s) is the number of solution of Eq. (1 ), and Z(s) is the 
number of solutions (.Y,, .x7, . . . . x,) of Znam’s problem, where 1 < X, < .Y~ < 
... <x,. 
As is known, Janik and Skula [Z] got all the integer solutions of Eq. (1) 
for s d 6 and 18 solutions for s = 7. Using the 18 solutions for s = 7, Sun Qi 
and Cao Zhenfu [3] found there exist at least 5 solutions for s > 11 lit to 
solve Znam’s problem, that is, Z(s) >, 5 (when s 3 11). We can say cer- 
tainly, it is helpful for solving Znam’s problem to find the other solutions of 
Eq. (1). Hence, it is very natural to ask whether there exist other solutions 
of Eq. (1) for s = 7? and how do we get all solutions for s = 7? 
In this paper, we have proved the following results. 
206 
0022-314X/87 $3.00 
Copynghl ‘( ) 1987 by Academx Press. Inc. 
Ail rights of reproductmn m  any form resened 
ZNbrM’S PROBLEM 207 
THEOREM 1. All the integer solutions of Eq. (1) for s = 7 are contained in 
















































7 43 1807 3263443 10650056950807 I 
7 43 1807 3263447 2130014000915 5 
7 43 1807 3263591 71480133827 149 
7 43 1807 3264187 14298637519 745 
7 43 1823 193667 637617223447 1 
I 43 3559 3667 33816127 697 
I 47 395 779731 607979652631 1 
I 47 395 779831 6020372531 IO1 
7 47 403 19403 15435513367 I 
I 47 415 8111 6644612311 I 
I 47 583 1223 1407479767 I 
I 55 179 24323 10057317271 I 
7 67 187 283 334651 445 
II 17 101 149 3109 5431 
II 13 31 47059 2214502423 I 
II 23 31 47063 442938131 5 
II 23 31 47095 59897203 37 
II 23 31 47131 30382063 73 
II 23 31 47243 12017087 185 
Ii 33 31 47423 6114059 365 
II 23 31 49159 866923 2701 
II 23 31 60563 211031 13505 
II 31 3s 67 369067 I3 
j’7 = (x,x2 . . x6 + 1 )/.x7, solutions with * are the new solutions, five in 
all. With Theorem 1 we have 
THEOREM 2. [f s 2 11, then Q(s + 1) >, Q(s) + 8 and if’ 2 j s, F > 1 I, then 
as + I ) 3 Q(s) + 9. 
From Skula’s work, we have Z(s)=0 (when 2<s<4), Z(5)=2, 
Z(6) = 5. From Theorem 1, we also have Z( 7) = 15. From Theorem 2 we 
can derive: 
COROLLARY 1. !f‘ s > 12, then Z(s) 2 8, and if 2 1 s, s >, 12, then Z(s) 3 9. 
COROLLARY 2. [f s 3 12, then H(s) 3 H(s - 1) + 8, where H(s) is the 
nimher 0s sohitions (x, , s 2 ,...,. u,) (1 <x, < ... <.u,~) of’the system c$‘ton- 
gruences .Y, .Y> x, ,.I-,+, ..-_ Y, + 1 ~0 (mod CC;), i= 1, . . . . s, s> I. 
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COROLLARY 3. Let A(s) be the number of solutions qf the equation 
i ‘--&=I, 
/=I x, 
1<X,<.Y2< ... <x,,, s>2, 
, 
then we haoe A(s + 1 ) > Q(s) + R(s - 1 ) + 16, ,for .F 3 10, und A(s + 1 ) 3 
Q(s,+Q(s- l)+ 18, for s> 12, 31.~. 
Obviously, these corollaries improve the results in [3] and [4], etc. We 
can show Corollaries 1-3, using the method in [3, 41, etc., and Theorem 2. 
The proofs of Theorems 1 and 2 are as follows. 
Proof of Theorem 1. When s = 7. we conclude there exist no solution of 
Eq. (1) for X, 3 3 by a small computation. We have X, = 2, then from ( 1 ), 
we have 
thus 
where A = .Y, .Y~.Y~.Y~, B = C:= ](.Y, ‘. .x~)/.Y,, for the same reason. 
L.et C = x, .Y~.Y~.Y~.Y~~ D = C:= ,(.Y, .x5)/x,, we have 
(2) 
(3) 
with (2), when s,, x2, .Y 3, .Y~ is definite, we can work out the interval of x~, 
and the interval of xg from (3) for every X, , s?, . . . . x5, checking in ( 1) one 
by one, we have x,. From this procedure, we program to work out all 
solutions of Eq. (1) for s= 7 on the computer, getting the table of 
Theorem 1. 
Proof of Theorem 2. In [3], we know Q(s + l)>.(s) + 
~~~;~‘~((~(~,)/2)-l)~B(s)+5(as~~l0),herek,=(.~~~.~~~~~~s,~~~~)z+1, 
l , .$j), . . . . x(i) ~~,)(l~jdSZ(s-l))beingthe~(s-l)solutionsofEq.(l), 
when s is replaced by S- 1, and Q(.r+ 1)3R(s)+7 when 2js, s> 11. 
Then we will derive some new results from the newly found solution of 
s=7 of Eq. (1). 
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(I ) Making use of the solution (2,3,7,43,3559,3667,33816127) of 
Eq. (1) for s=7, let x,=2, x,=3 ,..., x,=33816127, x,=x,x~....Y,~ r+l 
(s),g), then (x,, x ?, . . . . x,, ,) is a solution of Eq. (1) when s is replaced by 
s - 1. having at the same time 
: (mod 5), 
2 I I11 
x ),, = 
2 :, m 
for m38, 
hence (.x,x?... x-,)~+ 1~0 (mod5) for 2/s, ~39. 
(2) From (2, 3, 11, 17, 101, 149, 3109), we can get x, =2, x2= 3, . . . . 
.~,=3109,.u,,~,=s,~.~.~ ,,.- ?+I (s>,9),thenwehave 
(.K,x~~~~.K, ,)“+ 1 r0 (mod5) for 2 1 s, s 2 8. 
(3) From (2,3, 11,23,31,49759, 866923), we can get x, =2, 
.K’? = 3 , . . . . x7 = 866923, s,, = xl x2 . . x,, _ L + 1 (S 3 8), we easily have 
(x1x2 .“.K, ,)‘+ 1~0 (mod5) for 21s. ~39. 
(4) From (2,3,7,43,3559,3667,33816127), get a,=2.3 ... 
33816127, we have a,- 11 (mod 25), again let a, =~,(a,+ 1)~ 11.12~ 7 
(mod 25), replacing x, , x2, . . . . .u8in(1)byx,=2,xz=3 ,..., x,=33816127, 
.~,=a,+ 1. We have 
-I+ . +I+ 1 1 =- s39 
sg x ( U~XLg..~X,\ a,’ 
as 
1 I 1 1 
~=5-+7+55iz+9~.+3+(52+2)(51,+7)(522+9i+3) 
let a, = 5J. + 2, we can get xg = 51U + 7, xl0 = 52” + 9i + 3, when s = 10. Let 
.K 5 -- I =x,,K~...x,-~+ 1 (s> 12), so (x1,x2 ,..., x,_,) is the solution of 
Eq. ( 1) when s replaced by s - 1. As a, = 7 (mod 25), from a r = 5d + 2, we 
know ,? = 1 (mod 5), so we have 
x8 = 2 (mod 5), x9 = 2 (mod 5), xIO = 2 (mod 5) x,, =4 (mod 5) 
having at the same time: 




for m3 12, 
hence (x1 x2 . . x, ,)Z+1~O(mod5)when21s,s312. 
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(5) From (2, 3, 11, 17, 101, 149,3109), get b,=2.3...3109, we have 
b, r2 (mod 25). Replacing x,, .x2, . . . . X, in (1) by X, = 2, s2 = 3, . . . . 
x, = 3109, we have 
Let b, = 51+ 2, hence when s = 9, we can let .x8 = 5i + 7, .Y~ = 51.’ + 91. + 3, 
(x, ) x2, . . . . x, ~ , ) being the solution of (1) when s is replaced by s - 1 with 
the condition that X, , = .Y, sz .. X, z + 1 (s 2 11). As fi, = 52 + 2 = 2 
(mod 25), we know 1.~0 (mod 5), then xX- 2 (mod 5) .r9 = 3 (mod 5) 
having at the same time 
cc,, = i (mod 51, 
2 1 111 
2 1 
for m3 10, 
tn 
hence, (x, xI, s,, ~ , )’ + 1 = 0 (mod 5 ), when 2 ( s, s > 10. 
From ( 1 )-(S), when s replaced by s - I, 2 1 s, s 2 12, we find three 
solutions of Eq. ( 1) making ( ,Y, .Y? . x,, , )’ + 1 being nonprime and two 
solutions when 2 [s, s 3 9, so that together with the result [3] we have 
Q(.s + 1 ) 3 Q(s) + 8, when .s> Il. 
and 
f&s + 1 ) 3 Q(s) + 9, when 2 Is, 53 I I. 
The proof of Theorem 2 is now complete. 
Finally let us point out that Ke Zhao and Sun Qi [IS] conjectured: there 
exists at least one solution of the system of congruences 
37, “.P, 1 P,+1 .’ .p, + 1 = 0 (mod p,), ,j= I . , s, (4) 
where p, are prime numbers for arbitrary positive integers s. 
From reference [S] and the results in this paper, we know there exists 
only one solution of the system of the congruences (4) when I < .r ,< 6. The 
only solution checks out to be p1 = 3, pz = 11, p3 = 17, p4 = 101, ps = 149, 
p6 = 3109 using Theorem 1. 
We conjecture that there exists only one solution of the congruence 
system (4). 
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